
' , t '  

4 ,f " ' F I R S T  QUARTERLY PROGRESS REPORT 

FOR THE PERIOD 

June 29, 1964 to September 28, 1964 

Prepared for 
George C. Marshall Space Fl ight  Center, NASA, 

Hmtsv l l l e ,  Alabama 

Under Contract No. NAS 8-11468 

~- 

R e p d u c t i o n  in  whole or in part is permitted 
for any purpose of the United States  Government 

W W  

i 
- 

_^_I 

FACULTY INVESTIGATORS : 

W. €I. GIEDT, Professor of Mechanical Engineering 
C.  L. TIEN, Associate Professor of Mechanical Enginee 

. 

x 

wing 



k 
I 

i 
REVIEW OF EMISSIVITY CALCULATIONS 

FOR DIATOMIC GASES 

1. Introduction 

2. Coarse Structure of the Infrared Spectrum 

(a) The Rigid Rotator 

(b) The Harmonic Oscillator 

(c) Quick Comparison with the Coarse Structure of the Observed Spectrum 

3. Fine Structure of the Infrared Spectrum 

(a) The Anharmonic Oscillator 

(b) The Nonrigid Rotator 

(c) The Vibrating Rotator (or Rotating Oscillator) 

4. The Calculation of Absorption and Emission in the Infrared Spectrum 

(a) Band Models 

(b) Regions of Validity f o r  Absorption Calculations 

(i) 

(ii) Weak Line Approximation 

tin> Non-Overlapping Line Approximation 

3 trong Line Approxima tion 

(c) Em~issivity Calculations 

(d) Experimental Considerations 



REVIEW OF EMISSIVITY CALCULATIONS 
FOR DIATOMIC GASES 

1. Introduction 

The molecular absorption ( o r  emission)spectra observed in the infrared 

results from the transitions of vibrating and rotating molecules to higher 

(or lower) energy levels. An absorption or emission spectra has only been 

observed for molecules which possess a permanent electric dipole moment 

(HC1, CO, C02, H20, etc). 

transitions which are responsible for the visible and the ultraviolet band 

spectra. We classify the wavelength region extending from 0.8 to 201.1. as 

the near infrared and from 20 t o  801-1 as the far infrared. 

We note that we are not considering electronic 

2. Coarse Structure of the Infrared Spectrum* 

(a) The Rigid Rotator 

The simplest model of the rotating molecule assumes the molecule to 

consist of several point masses which are rigidly connected by weightless 

rods. For the diatomic molecule there are only two point masses and the 

line joining them is an axis of symmetry, the internuclear distance, so that 

we have the so called dumbbell model. 

The energy of rotation of a rigid body is given by 

2 E F A I  (O 2 

where u, is the angular velocity and I is the amount of inertia defined by 

m2 2 r 2 I = p r  = m +m 1 2  

, 

* See Herzberg, reference 1. 
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I t  i s  convenient  t o  w r i t e  t h e  energy of r o t a t i o n  E i n  the form 

2 
P 
21 

E = -  

where P is  the  angular  momentum Ia. 

To o b t a i n  the  p o s s i b l e  energy l e v e l s  according t o  quantum theory w e  

determine the e igenvalues  of the Schrodinger  equat ion  f o r  the r i g i d  r o t a t o r .  

The r e s u l t  is 

where j i s  the  r o t a t i o n a l  quantum number. We t h e r e f o r e  have a series of 

d i s c r e t e  energy l e v e l s  whose energy inc reases  q u a d r a t i c a l l y  w i t h  j .  

According t o  c l a s s i c a l  electrodynamics the  r i g i d  r o t a t o r  w i l l  absorb or 

e m i t  r a d i a t i o n  i f  t h e  r o t a t i o n  i s  accompanied by a changing e l e c t r i c  d i p o l e  

moment. T h i s  would occur  f o r  a l l  d ia tomic molecules t h a t  c o n s i s t  of u n l i k e  

atoms s i n c e  these molecules have a permanent d i p o l e  moment i n  t h e  d i r e c t i o n  

of t h e  i n t e r n u c l e a r  a x i s .  Therefore dur ing  the  r o t a t i o n ,  the  component of 

t h e  d i p o l e  moment i n  a f i x e d  d i r e c t i o n  changes p e r i o d i c a l l y  wi th  a frequency 

equal  t o  t h e  frequency of r o t a t i o n ,  

the absorp t ion  o r  emission of l i g h t  a t  t h i s  f requency.  Thus the  c l a s s i c a l  

theory p r e d i c t s  a continuous absorpt ion or emission spectrum f o r  the r i g i d  

r o t a t o r  s i n c e  vrOt can take  a l l  va lues .  

* 

vrOt = d z r r  which would r e s u l t  i n  

* Diatomic molecules cons i s t ing  of two l i k e  atoms have no abso rp t ion  or 
emission spectrum i n  t h e  i n f r a r e d .  
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According t o  t h e  quantum theory absorp t ion  t akes  p l a c e  only a s  a r e s u l t  

of a t r a n s i t i o n  from a lower t o  a higher energy l e v e l . *  

v(cm-') , of the  s p e c t r a l  l i n e s  a r e  given by (cf  . Eq. 3)  

The wave number, 

I I  where t h e  primes and correspond t o  the upper and lower s t a t e s ,  r e s p e c t i v e l y ,  

and the c o n s t a n t ,  B, i s  given by 

(5) 
h 

2 B =  
8n C I  

The p a r t i c u l a r  t r a n s i t i o n  which  g i v e  rise t o  abso rp t ion  o r  emission a r e  

given by 

A j  = j' - j" = + 1 - 
t h e  so c a l l e d  s e l e c t i o n  rules of wave mechanics. Therefore ,  f o r  the r i g i d  

r o t a t o r  j '  > j" and Aj = +1 ( cons i s t en t  w i t h  our  prime no ta t ion )  so t h a t  

where F ( j )  r ep resen t s  the r a t i o  E( j ) /hc .  Thus the spectrum of the  r i g i d  

r o t a t o r  c o n s i s t s  of a series of e q u i d i s t a n t  l i n e s  (see F ig .  1). For con- 

venience w e  w r i t e  j f o r  j". 

* Reca l l  t he  c l a s s i c a l  r e s u l t  for atomic s p e c t r a  t h a t  energy is r a d i a t e d  
when an e l e c t r o n  moves i n  a s i n g l e  o r b i t  about  a charged nucleus wh i l e  
the  quantum theory s t a t e s  there  is  no absorp t ion  or emission when the 
e l e c t r o n  remains i n  one o r b i t ,  bu t  occurs  only when t h e  e l e c t r o n  jumps 
from one o r b i t  t o  another .  
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(b) The Harmonic O s c i l l a t o r  

The s imples t  model of t he  v i b r a t i n g  diatomic molecule assumes the  atoms 

to be p o i n t  masses which a r e  acted on by a f o r c e  t h a t  v a r i e s  w i t h  the  d i s t a n c e  

between them. This  f o r c e  corresponds t o  a p o t e n t i a l  energy,  V ,  

where k is the  f o r c e  cons t an t .  The motion of t h e  atoms can be descr ibed  by 

the  harmonic motion of a s i n g l e  p o i n t  mass, 1, about  an equi l ibr ium p o s i t i o n ,  

r t h a t  is e '  

The frequency of o s c i l l a t i o n  is g iven  by  

To o b t a i n  the energy l e v e l s  of the  harmonic o s c i l l a t o r ,  w e  determine t h e  

e igenvalues  of the  Schrodinger  equat ion .  The r e s u l t  is  

where v is t h e  v i b r a t i o n a l  quantum number. 

by a( cm-l) . 
The r a t i o  voSc/c is  denoted 

As a f i r s t  approximation i t  is assumed t h a t  the  d i p o l e  moment changes 

From t h e  w i t h  a frequency equal  t o  the  o s c i l l a t i o n  frequency,  voSc/c = w. 

quantum theory w e  have t h a t  t h e  wave number of t h e  absorbed quantum i s  
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given  by 

= G ( v ' )  - G(v") = (U ( v '  - v") 
E (v ' )  - E(v") 

h c  v =  (10) 

The t r a n s i t i o n s  which absorb and e m i t  r a d i a t i o n  a r e  given by 

11  

AV = V'  - v = + 1 S O  t h a t  v = W =  v /C os c - 

which agrees  wi th  t h e  c l a s s i c a l  r e s u l t .  The spectrum i s  shown i n  F ig .  2 .  

( c )  Quick Comparison w i t h  the Coarse S t r u c t u r e  of t he  Observed Spectrum 

The observed spectrum i n  t h e  f a r  i n f r a r e d  c o n s i s t s  of a series of nea r ly  

e q u i d i s t a n t  l i n e s  and is the re fo re  p r imar i ly  a r o t a t i o n  spectrum. 

trum i n  the  nea r  i n f r a r e d  c o n s i s t s  e s s e n t i a l l y  of a s i n g l e  i n t e n s e  l i n e  and 

i s  t h e r e f o r e  p r imar i ly  a v ib ra t ion  spectrum. 

The spec- 

3. Fine S t r u c t u r e  of t h e  In f r a red  Spectrum* 

(a )  The Anharmonic O s c i l l a t o r  

Reca l l  t h a t  t he  harmonic o s c i l l a t o r  i s  cha rac t e r i zed  by a p a r a b o l i c  

p o t e n t i a l  curve.  This  would imply, however, t h a t  t he  p o t e n t i a l  energy and 

t h e  r e s t o r i n g  f o r c e  cont inue  t o  i n c r e a s e  a s  t h e  atoms move f u r t h e r  and 

f u r t h e r  a p a r t .  P r a c t i c a l l y ,  t h e  a t t r a c t i v e  r e s t o r i n g  f o r c e  goes t o  z e r o  f o r  

l a r g e  d i s t a n c e s  so  t h a t  the p o t e n t i a l  curve would approach a cons t an t .  As 

a f i r s t  approximation to  a more r e a l i s t i c  p o t e n t i a l  energy curve w e  cons ider  

t h e  fo l lowing  r e p r e s e n t a t i o n  f o r  an anharmonic o s c i l l a t o r :  

2 a 
- g ( r  - re) V = f ( r  - re)  

*See Herzbergl . 

(11) 
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For small anharmonicity the constant g is much smaller than f. The clas- 

sical motion of the anharmonic oscillator is given by 

x = x sin 2n v osct + xo2 (3 + cos 2 , ~  2v t) + x sin 2s 3v t + . . .  
01 os c 03 os c 

(12) 

where x x x are the amplitudes of the fundamental, the first and 

the second overtone, respectively. For small anharmonicity x 

01' 02'  03 

<< xol and 02 

x << xo2. 03 

For small anharmonicity, 

tor [Eq. (11) 3 as determined 

1 e = G(v) = we(v + - ) - hc 2 

the energy levels of 

from the Schrodinger 

1 2  
Ye(V + 5 )  + y (v e e  

the anharmonic oscilla- 

equation are given by * 

where w x << LU and LU y << uexe. Note that the energy levels of the 
e e  e e e  

anharmonic oscillator are not equidistant like those of the harmonic 

oscillator; their separation decreases slowly with increasing v (Fig. 3) 

From Equation (13) for V = 0 we obtain the zero point energy of the an- 

harmonic oscillator 

1 + - w y  Eo 1 1 hc - G(o) = - U) - - L U X  - -  
2 e 4 e e  8 e e  

For the anharmonic oscillator the selection rules for the spectrum 

are given by 

nv = - + 1, - + 2, - + 3 ,  (15) 

* Note that using the Morse potential, which gives a good fit to the potential 
energy curve, the first two terms of Equation (13) are obtained. 
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although the greatest contribution is given by Av = + 1 (which corresponds 

to the sole contribution for the harmonic oscillator). If all the mole- 

cules are initially in the lowest vibrational state, v = 0 (see Fig. 3), 

we obtain from Equations (13) and (14) 

- 

I' 

2 3 
v = G ( v ' )  - G ( o )  = C O ~ V '  - W ~ X ~ V '  + CO~Y,V' + . . . ; V' = 1,2,3, . . . 

where 

3 
e e  4 e e  

3 
2 e e  

LDo = we - cux + - m y  + .  . . 
woxo = uexe - - 

("oyo - '%Ye 

(b) The Nonrigid Rotator 

w y  + . . .  

- 

Representing the rotating molecule by two point masses connected by a 

massless spring yields for the energy levels 

where the constant D reflects the influence of the centrifugal force. The 

effect of D is important at the higher rotational levels. The wave numbers 

of the spectral lines for the infrared rotation spectrum are given by 

3 
v = F ( j  + 1) - F ( j )  = 2B( j  + 1) - 4 D ( j  + 1) (18) 

the selection rule, A j  = + 1,  being unchanged. - 
(c) The Vibrating Rotator (or Rotating Oscillator) 

We now consider the molecule to be rotating and oscillating at the same 

time. As a first approximation we could of course neglect the interaction 
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of v i b r a t i o n  and r o t a t i o n  and simply add t h e  independent c o n t r i b u t i o n s ,  

namely, Equations (13) and (17) .  An important  i n t e r a c t i o n  i s  t h e  changing 

moment of i n e r t i a  r e s u l t i n g  from the molecular  v i b r a t i o n .  This  produces 

changing va lues  for the r o t a t i o n a l  c o n s t a n t s  B and D of Equation (17). 

Since  the  per iod  of v i b r a t i o n  is much less than t h e  per iod of r o t a t i o n  mean 

va lues  a r e  used a s  approximations t o  the (changing) r o t a t i o n a l  cons t an t  and 

a r e  given by 

1 
Er e 2 

B = B  - a e ( v + - ) + . . .  (19) 

where B i s  the r o t a t i o n a l  cons tan t  based on t h e  equ i l ib r ium i n t e r n u c l e a r  

d i s t a n c e  r 

e 

e’  

- h a n d D v = D e + p e ( v + s ) +  1 . . 
Be - 2 2 

8 fl cpre 

where 
3 

4Be D = -  e 2 
cue 

The cons t an t s  ae and pe a r e  much sma l l e r  than B 

The energy l e v e l s  of t h e  v ib ra t ing  r o t a t o r  a r e  then g iven  by 

and D , r e s p e c t i v e l y .  
e e 

E 1 1 2  1 3  
= G(v) + F v ( j )  = me (v + - - cu x (v  + 3) + cu y (v  + 5) 

2 e e  e e  

The energy l e v e l s  a r e  shown i n  F ig .  4 .  For  each v i b r a t i o n a l  l e v e l  t h e r e  

a r e  a number of p o s s i b l e  r o t a t i o n a l  l e v e l s ,  t he  l e v e l  j = 0 corresponding 

t o  the  pure v i b r a t i o n a l  l e v e l  (no r o t a t i o n ) .  The wave number of the s p e c t r a l  
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l i n e s  r e s u l t i n g  from a p a r t i c u l a r  v i b r a t i o n a l  t r a n s i t i o n  v" t o  v '  a r e  g iven  by 

v = G(v')  - G(v") + Fv' ( j ' )  - FV" ( j " )  

- - Vo + Bv ' j '  ( j '  + 1) - B " j " ( j "  + I)* 
V 

where y = G(v')  - G(v"). 

t he  R and P branches,  given by 

With Aj = + 1 and A j  = - 1 w e  o b t  
0 

i 

' - B ") j 2 ; j = 0,l . .  (23) 
V 

- + 2B ' + (3B ' - B ") j + (Bv 
'R - '0 V V V 

2 
(24) vp = vo - ( B ~ '  + B "1 j + ( B ~ '  - B ' I )  j , * j  = 1 , 2  . . .  

V V 

ches , 

where w e  r ep lace  j" by j .  The spectrum is shown i n  F i g .  5. Equations (23) 

and (24) g i v e  good agreement with the  observed spectrum i n  t h e  nea r  i n f r a r e d .  

For s u f f i c i e n t l y  l a r g e  va lues  of j a r e v e r s a l  of t h e  R branch occurs  co r re s -  

ponding t o  the  ve r t ex  of t h e  parabola i n  Equation (23) .  This  r e v e r s a l  or 

band head i s  r e spons ib l e  f o r  t h e  sha rp  drop i n  i n t e n s i t y  observed i n  band 

absorp t ion .  We no te  t h a t  any absorp t ion  observed beyond t h e  band head i s  

from the  wings of broadened l i n e s  whose c e n t e r s  l i e  below t h i s  wave number. 

The wave numbers f o r  t h e  R and P branches a r e  f r e q u e n t l y  w r i t t e n  i n  

the  form 

rn = 1,2,. . .R(m=j+l) 

m = -1,-2, . . .P(m=-j)  
(25) v = vo + (Bv' + B " ) m  + (B ' - Bv")m 

V V 

For  t h e  most i n t e n s e  absorpt ion t r a n s i t i o n ,  v '  - v" = 1, Equation (25) 

* W e  neg lec t  t he  in f luence  of the c e n t r i f u g a l  f o r c e  on t h e  r o t a t i o n a l  energy. 
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becomes 

v = vo + 2 [Be - ae(v" 

The average spacing between the  l i n e s  i s  g iven  by 

4 .  The Ca lcu la t ion  of Absorption and Emission i n  the  I n f r a r e d  Spectrum 

(a )  Band Models 

Before d i scuss ing  t h e  c a l c u l a t i o n  of t h e  absorp t ion  and emission of 

s p e c t r a l  l i n e s  w e  b r i e f l y  review some b a s i c  r e s u l t s .  The one-dimensional 

equat ion  of t r a n s f e r  f o r  a r a d i a t i n g  gas  i s  given by 

d I  = -I k du + I k du* 
V v v  bV v 

where 

and I is  t h e  i n t e n s i t y ,  k i s  t h e  s p e c t r a l  abso rp t ion  c o e f f i c i e n t ,  and u 

i s  t h e  amount of m a t e r i a l  p e r  u n i t  a r ea .  For a s i n g l e  r a d i a t i n g  gas  a t  

V V 

uniform temperature  and pressure w e  ob ta in  

where I i s  the b lack  body s p e c t r a l  i n t e n s i t y ,  and 1, (0) i s  t h e  i n c i -  bv 

*The corresponding n o t a t i o n  of Penner2 i s  given by dX = pdz wi th  an 
absorp t ion  c o e f f i c i e n t  P r e l a t e d  t o  k according to  P =P kV/P 

V V V 
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den t  i n t e n s i t y  a t  u = 0. For n e g l i g i b l e  emission of r a d i a t i o n  w e  o b t a i n  

Under a tmospheric  condi t ions  the s p e c t r a l  l i n e s  i n  t h e  i n f r a r e d  spectrum a r e  

p r imar i ly  a f f e c t e d  by Lorentz (pressure)  broadening r e s u l t i n g  from molecular  

c o l l i s i o n s .  Under these  condi t ions ,  the l i n e  shape is  given by 2,394 

where S is the  t o t a l  l i n e  i n t e n s i t y  

S =s kVdV (33) 
0 

and o( is  the half-width.  For n e g l i g i b l e  emission the  t o t a l  energy absorbed 

by a s i n g l e  l i n e  over  a frequency i n t e r v a l  Av is given by 

l ( I v ( o ) - I  = I (O) J '  (1 - e -k v u ) d V  V vo 
Av AV 

(34) 

where w e  have assumed I v ( o )  t o  have the  cons t an t  va lue  of I 

i n t e r v a l  Av. W e  d e e n e  the  f r a c t i o n a l  abso rp t ion  i n  Av by 

( 0 )  over  t h e  vo 

I '  

r AV 

A V  

and *equ iva len t  w i d t h  of the s i n g l e  l i n e  by 
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Using t h e  Lorentz l i n e  shape and kxtending the  frequency i n t e r v a l  t o  i n f i n i t y  

w e  o b t a i n  

(37) 
-X wS = 2 fl a f ( x )  = 2 J[ a x e [I,(x) + I , (x)]  

where Io and I a r e  t h e  Bessel func t ions  of imaginary argument and 
1 

s u  
2m 

x = -  

For smal l  x w e  ob ta in  the  so-cal led l i n e a r  approximation 

where 

2 R c i  p = -  
d 

wi th  d equal  t o  the  average spacing between t h e  s p e c t r a l  l i n e s .  I n  t h i s  

s e c t i o n  i t  has  been assumed tha t  t h e  s p e c t r a l  l i n e s  a r e  spaced s u f f i c i e n t l y  

f a r  a p a r t  so t h a t  there a r e  no e f f e c t s  due t o  overlapping.  Therefore  the 

t o t a l  absorp t ion  from s e v e r a l  (non-overlapping) s p e c t r a l  l i n e s  is  obtained 

by simply adding t h e  absorpt ion from t h e  ind iv idua l  l i n e s ,  

For l a r g e  x w e  o b t a i n  t h e  so -ca l l ed  square  r o o t  approximation 

Now, t o  c a l c u l a t e  the  absorpt ion of a band a s p e c i f i c  model desc r ib ing  

t h e  s p e c t r a l  l i n e s  must be considered. The E l s a s s e r  model assumes a band 

c o n s i s t s  of an i n f i n i t e  number of s p e c t r a l  l i n e s  of equal  i n t e n s i t y ,  S ,  

ha l f  w id th ,o ( ,  and l i n e  spacing,  d .  For  t h i s  band, t he  f r a c t i o n a l  ab- 
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s o r p t i o n  i n t e g r a t e d  over a frequency range d i s  g iven  by 

exp [-  f3x s i n h  f3/(cosh p-cos z )  3 dz 

For x > 1.25 and f3 < 0.3 

and f o r  f3 > 3 f o r  a l l  x 

-Bx A =  1 - e  (44) 

W e  no te  t h a t  t h e  f r a c t i o n a l  absorp t ion  of an E l s a s s e r  band does n o t  i n  gen- 

e r a l  equa l  t h e  f r a c t i o n a l  absorp t ion  of a s i n g l e  l i n e .  The d i f f e r e n c e  is  

due to  t h e  e f f e c t  of t h e  overlapping of l i n e s  i n  an E l s a s s e r  band. 
* 

596 The s t a t i s t i c a l  model of a band assumes t h a t  t he  p o s i t i o n  and in -  

t e n s i t y  of t h e  s p e c t r a l  l i n e s  a r e  randomly d i s t r i b u t e d .  For an i n f i n i t e  

number of equa l ly  spaced l i n e s  t h e  s t a t i s t i c a l  method g i v e s  

- 
A = 1 - exp (- WSL /d) (45) 

where 
00 

- 
Wsa =l ' W s L  (S ,  f.3 )P(S)dS 

WsIL 

(46) 

(47) 
-X /d = f3 f ( x )  = /3 xe  [ Io(x> + I1(x) ] 

P(S)dS denotes  t h e  p r o b a b i l i t y  t h a t  a s p e c t r a l  l i n e  of i n t e n s i t y  S ,  is i n  

t h e  i n t e r v a l  dS. 

S t i l l  another  model f o r  band absorp t ion  may be obta ined  by a random 

s u p e r p o s i t i o n  of E l s a s s e r  bands. Each E l s a s s e r  band c o n s i s t s  of an in -  

* W e  s h a l l  I a t e r  d i s c u s s  overlapping e f f e c t s  i n  d e t a i l .  
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f i n i t e  number of s p e c t r a l  l i n e s  of equal  i n t e n s i t y ,  S ,  ha l f  wid th ,  a ,  and 

l i n e  spacing d ,  a l though the bands may have d i f f e r e n t  i n t e n s i t i e s ,  ha l f  

widths  and l i n e  spac ings .  The absorpt ion from a random supe rpos i t i on  of 

N E l s a s s e r  bands is  given by 
- 

1 
E ,  i 

A, 

W N 
A = l -  (1- 

i = l  I 

where Ai i s  the  s e p a r a t i o n  of t h e  s p e c t r a l  l i n e s  i n  t h e  ith band and w 
is  the average va lue  of the equiva len t  w i d t h  of the  ith E l s a s s e r  band, 

E, i 

given  by 
Qo 

'E,i = ,/, 'E , i  P(S) dS (49) 

(b) Regions of V a l i d i t y  f o r  Absorption Ca lcu la t ions  

(i) Strong Line Approximation 

When t h e  absorpt ion i s  v i r t u a l l y  complete near  the c e n t e r s  of 

t h e  s t r o n g e s t  l i n e s  i n  t h e  band ( x  l a r g e )  the absorp t ion  is a 

func t ion  of the s i n g l e  v a r i a b l e  f3 x = 2 T[ CY. Su/d . The s t r o n g  

l i n e  approximation corresponds t o  the case  of complete abso rp t ion  

near  t h e  c e n t e r  of the s t r o n g  l i n e s  and i s  v a l i d  even when there 

is  overlapping of the s p e c t r a l  l i n e s .  The r e s u l t i n g  absorp t ion ,  

as c a l c u l a t e d  by the s t r o n g  l i n e  approximation, is dependent 

on the  s p e c t r a l  arrangement of the  l i n e s  i n  t h e  band. This  must 

be s o  because overlapping nea r  the  s t r o n g  l i n e  c e n t e r s  cannot  

r e s u l t  i n  increased  absorp t ion .  I t  should be noted t h a t  the 

s t r o n g  l i n e  approximation is n o t  the  same a s  t h e  square  r o o t  

2 2 
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approximation discussed p rev ious ly ,  which i s  v a l i d  only f o r  non- 

overlapping l i n e s .  

W e  f i r s t  consider  t h e  s t r o n g  l i n e  approximation f o r  t h e  s t a t i -  

s t i c a l  model . .  For  l a r g e  x f o r  the Lorentz  l i n e  shape w e  have 

I f  a l l  t h e  l i n e s  a r e  equal ly  i n t e n s e ,  (uniform s t a t i s t i c a l  model) 

t he  i n t e n s i t y  d i s t r i b u t i o n  i s  given by 

where 6 i s  t h e  Dirac  d e l t a  func t ion .  Therefore  t h e  absorp t ion  

is given by 

2 1/2 
A = 1 - exp [-(28 xo/To 3 

w i t h  

x 0 = s0u/2 Yr a (53) 

For the  s t a t i s t i c a l  model w i t h  an exponen t i a l ly  decreas ing  

i n t e n s i t y ,  
-s/s 

1 1 
5 P(S) = (54) 

which g ives  

1/2 
A = 1 - exp [ - f3xl /(1+2x1) 1 (55) 

wi th  
s u  
1 

252 a 
x. = (56) 

To compare the uniform s t a t i s t i c a l  model w i t h  the  exponent ia l  

i n t e n s i t y  model w e  must make some connect ion between t h e  two 
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, fl i n t e n s i t y  parameters ,  So and S1. 

absorp t ion  i s  seen  t o  be only s l i g h t l y  a f f e c t e d  by the  two in -  

If S is chosen t o  be S1 4 the  
0 

t e n s i t y  d i s t r i b u t i o n s .  

For  the  E l s a s s e r  band, t h e  s t r o n g  l i n e  approximation g ives  

1 2 1/2 
A = erf ( - f3 x) 2 (57) 

The E l s a s s e r  band gives  more absorp t ion  than the  s t a t i s t i c a l  model. 

Th i s  is  due t o  t h e  f a c t  t h a t  there is more over lapping  of t he  spec- 

t r a l  l i n e s  i n  the s t a t i s t i c a l  model than i n  t h e  E l s a s s e r  model. 

S ince  the  absorp t ion  is  almost  complete a t  the  s t r o n g  l i n e  c e n t e r s  

over lapping  i n  these reg ions  cannot r e s u l t  i n  a d d i t i o n a l  absorp t ion .  

Thus f o r  a g iven  t o t a l  i n t e n s i t y ,  t he  more prominent overlapping 

a s soc ia t ed  wi th  the s t a t i s t i c a l  model r e s u l t s  i n  less abso rp t ion  

than t h e  E l s a s s e r  model. 

(ii) Weak Line Approximation 

When the  absorpt ion is smal l  (x smal l )  a t  a l l  f r equenc ie s  - 
i n  the band ( inc luding  the c e n t e r s  of t he  s t r o n g e s t  l i n e s )  t h e  

absorp t ion  is  a func t ion  of the s i n g l e  v a r i a b l e  f3, = Su/d. 

condi t ion  is  v a l i d  even when t h e r e  is  over lapping  of t h e  s p e c t r a l  

This  

l i n e s .  I t  i s  the re fo re  no t  the same a s  the l i n e a r  approximation 

which i s  v a l i d  only f o r  non-overlapping l i n e s .  

When the  weak l i n e  approximation is  v a l i d ,  t h e  abso rp t ion  i s  

s u f f i c i e n t l y  smal l  a t  a l l  f requencies  s o  t h a t  the e f f e c t  of t h e  

d i f f e r e n t  s p e c t r a l  l i n e s  is a d d i t i v e .  Therefore  f o r  the weak l i n e  

c 
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approximation, i n  c o n t r a s t  t o  the  s t r o n g  l i n e  approximation, the 

absorp t ion  does no t  depend on the  s p e c t r a l  arrangement of the 

l i n e s  i n  the  band, 

For  small  x w e  o b t a i n  
W La = B f ( x )  = p x d 

and 

(59) -B x A = l  - e  

f o r  t h e  absorp t ion  f o r  bo th  the  s t a t i s t i c a l  and the  E l s a s s e r  models. 

(iii) Nonoverlapping Line Approximation 

The reg ions  of v a l i d i t y  f o r  t he  s t rong  and weak l i n e  approxi-  

mations depend only on whether the  abso rp t ion  i s  l a r g e  or smal l  a t  

the  l i n e  cen te r s .  The r eg ions  of v a l i d i t y  f o r  these approximations 

do n o t  depend on overlapping e f f e c t s .  On the  o t h e r  hand, the only 

requirement f o r  t h e  v a l i d i t y  of the non-overlapping approximation 

is t h a t  the s p e c t r a l  l i n e s  do n o t  ove r l ap  apprec iab ly .  T h i s  approx- 

imat ion does not  depend on the va lue  of the  abso rp t ion  a t  the l i n e  

c e n t e r s  and s i n c e  there is no overlapping e f f e c t ,  the abso rp t ion  is 

t he  same f o r  r egu la r  o r  f o r  random spac ing .  FOP the  E l s a s s e r  model 

and t h e  uniform s t a t ' c a l  model t h e  absorp t ion  i s  g iven  by 
$ti 
'h 

A = @ f ( x )  (601 

The va lues  of x and f3 for which the three l i n e  approximations, s t r o n g ,  

weak, and non-overaapping, a r e  v a l i d  t o  wi th in  10% have been 

determined: by P lass .  
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( c )  Emiss iv i ty  Calcu la t ions  

The a c t u a l  c a l c u l a t i o n  of t h e  e m i s s i v i t y  or a b s o r p t i v i t y  wi th in  the  ap- 

p r o p r i a t e  r eg ion  of v a l i d i t y  r equ i r e s  the  de te rmina t ion  of t h e  i n t e n s i t y ,  

l i n e  spac ing ,  e tc .  To d a t e ,  the b e s t  c a l c u l a t i o n s  for the emiss iv i ty  of 

diatomic gases  have been made by S t u l l  and P la s s8  and by Malkmus and Thomson 

employing the  r o t a t i n g  anharmonic o s c i l l a t o r  model prev ious ly  d iscussed .  

Reca l l  t h a t  t h e  energy l e v e l s  of t h e  r o t a t i n g  anharmonic o s c i l l a t o r  a r e  

given by 

9 

+ B e j ( j  + 1) - ae (v  + 1/21 j ( j  + 1) (61) 
* 

The e f f e c t  of t h e  c e n t r i f u g a l  f o r c e  on the  energy l e v e l s  has been omi t ted .  

The frequency of a t r a n s i t i o n  f o r  Av = 1 is g iven  by 
** 

(62) LD .v+l  j '  VJ = E(v + 1, j') -E(v, j )  

3 = + B [ j ' ( j '  + l ) - j ( j  + 1) ] - ae [ (v  + 2 ) j r ( j '  + 1) 
e 

W e  r e p r e s e n t  both the R and P branches by one equat ion  

(64) 1 
V 2 

w = u) + 2Bem - ae [ m(m + 1) +2(v + - )m ] 

which gives a band head i n  the R branch. The average l i n e  spacing i s  

* S t u l l  & P l a s s  do not  neglec t  t h i s  e f f e c t  i n  the i r  c a l c u l a t i o n .  

** I n  our  n o t a t i o n  wv = vo 
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t 

given by 
2 

d(w) = 2 [ [  Be - a! ( v  + 1) ] - ae ( cu - 
e 

9 
The energy l e v e l s  F (J) a r e  g iven  by 

V 

2 T V[Be - (v + 1) a e ] - a e (cu - UV) 

The equat ion  f o r  t h e  in t eg ra t ed  a k m p t i o n  of a v i b r a t i o n  r o t a t i o n  l i n e  

2 8 og 
-2 

per,  u n i t  p re s su re  (cm atm-l) ,  ( ~ / p  j' k(v)dv,  i s  given by (Penner , 
0 

p. 135) 

V ' j '  3 v ' j '  
'v j = (8rr /3hc) (N/G~)u+,~ 

Xexp [ -E( v ,  j )  hc/kT] I M v j  
v ' j q f  

/kTZ 1 ,  (68) 
v p  j '  

X [ 1-exp (-hcco 
v j  

f o r  the t r a n s i t i o n  vj+ v ' j ' .  I n  t h i s  equat ion  N is  t h e  number of molecules 

pe r  u n i t  volume, p i s  the  pressure  i n  the atmosphere, G i s  t h e  p a r t i t i o n  

is  the square  of t he  v i b r a t i o n  r o t a t i o n  mat r ix  f u n c t i o n ,  '' I V I  

JMvj 

e lements  of t he  d ipo le  moment, and F i s  the  Kronecker d e l t a .  A number of 
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899 approximations must be made to obtain the final result 

v'j' V' 
'vj = [av /GR(v,T) (Qvv') av]%jV'J'~ vj v'j' 

Xexp [ -Ev ( j ) hc/kT] 

The total band absorption (neglecting overlapping) is given by 

v'j' 3 
% /3hc) (N/Gp) I R/'1 ,( 1% v' )  av 

where 

[ 1 -exp( - q j  ' J ' hc/kT) ] v ' j '  v ' j v  
Fvj 

J J '  

2 2 
.I 

The amplitude IM . v ' J '  I has been written as IRvv'l F VJ v " J  2 t 8 9 9 e  Note 
VJ 

that S v'J' can be calculated for any temperature as long as avv' has 

been measured at one temperature. 
vj 

819 

Thus the frequency and the intensity may be calculated at different 

temperatures for the important transitions (v,j + v + 1, j 2 1). The 

quantities C S and C may then be calculated as functions of the 

frequency . 
i i  1 
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Now, i n  the  weak l i n e  approximation w e  have 

E = 1 - exp [-@XI = 1-exp [ - plS(cd/d(co)] 
w 

- 
= 1- exp [ -plS/d] 

where 

and N i s  thenumber'of spectral l i n e s  i n  a smal l  f requency i n t e r v a l  Av. The 

q u a n t i t y  C Si/& i s  obta ined  a s  a f u n c t i o n  of frequency and temperature  a s  

d i scussed  previous ly  s o  t h a t  t h e  e m i s s i v i t y  may be then ca l cu la t ed  according 

1 

t o  Equations (72) and (73). 

I n  the s t r o n g  l i n e  approximation ( f o r  t h e  uniform s t a t i s t i c a l  model) 

where a. is  t h e  average ha l f  width of the 

and t h e  q u a n t i t y  C S.1/2 /Av is obta ined  
1 1  

temperature a s  d i scussed  previously.  The 

l i n e  a t  one atmosphere p r e s s u r e  

as a f u n c t i o n  of frequency and 

s t r o n g  l i n e  absorp t ion  f o r  the 

E l s a s s e r  model fo l lows  d i r e c t l y  from t h e  above. 

Ca lcu la t ions  were made f o r  HC1,  HF,  CO and N o  over  a temperature  range 

9 
from 300 t o  7000 OK. 

c u l a t i o n s  of t h e  s p e c t r a l  emis s iv i ty .  

There i s  good agreement wi th  o t h e r  publ ished c a l -  

W e  have had t o  omit c e r t a i n  d e t a i l s  i n  our  d i scuss ion  of the  emnssi- 

v i t y  c a l c u l a t i o n s .  An important p o i n t  which warran ts  cons ide ra t ion  i s  t h e  

de te rmina t ion  of t he  l i n e  w i d t h ,  2 a .  A s  was r e c e n t l y  demonstrated by 
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h 

10 
Malkmus, Maclay and Babrov f o r  the  HCL band a t  room temperature ,  t he  

c o r r e c t  use of t h e  a v a i l a b l e  da ta  on l i n e  s t r e n g t h s  and l i n e  w i d t h s  is 

more important than even t h e  choice of a p a r t i c u l a r  band model. There 

remains a d e f i n i t e  need f o r  f u r t h e r  work on t h e  temperature  dependence of 

molecular  l i n e  widths .  

(d) Experimental Considerat ions 

The use of experiments i n  conjunct ion wi th  band models i n  o rde r  t o  

determine t h e  emis s iv i ty  of gases has  been d iscussed  by Oppenheim and 

Ben-Aryeh. They cons ider  the  s t a t i s t i c a l  model f o r  t he  l i n e a r  t r i a t o m i c  

gas  CO W e  b r i e f l y  o u t l i n e  t h e i r  d i scuss ion .  2 '  

From experiments a t  one temperature,  the  v a r i a t i o n  of -In T/P may be 

obtained a s  a f u n c t i o n  of wave number, v ,  and p a t h  l e n g t h  /o . T is  t h e  

t r ansmi t t ance .  Now, f o r  t h e  uniform s t a t i s t i c a l  model w i t h  Lorentz  l i n e  

shape,  w e  have 

By p l o t t i n g  Equation (76) vs.  path l e n g t h ,  1 , a t  one wavenumber ( t h e  so 

c a l l e d  curve of growth) w e  ob ta in  s-, 2q and - a t  one wavenumber, 

The procedure i s  c a r r i e d  ou t  over a range of wave numbers so t h a t  E ,  

X 

d 1 

d 

and a r e  obtained over  a range of wavenumbers. These parameters  
d 

c o n s t i t u t e  t he  fundamental spec t roscopic  parameters  s o  t h a t  t he  t ransmi t -  

t ance  can now be ca l cu la t ed  for any p res su re  and pa th  l eng th .  I n  d e t a i l ,  

f o r  a given pa th  l eng th  w e  ob ta in  - ' ' and x. Then, for the  uniform d 
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s t a t  i s t i cal model 

- 
(77) 

so that the transmittance, T, or absorption 1-T, can then be obtained from 

Equation (76) as a function of wavenumber and pressure. 
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FIG. 4 ENERGY LEVELS OF THE VIBRATING ROTATOR 
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